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Level Surfaces and Parametric 
Equation of a Straight Line



Unit 5: Vector Calculus-I

(Book: Advanced Engineering Mathematics by Jain and Iyengar,Chapter-15)

Topic:

Level Surfaces, Parametric equation of a Straight Line

Learning Outcomes:

1. To find Level surfaces of a given scalar function

2. To find parametric equation of a straight line



Level Surfaces:

Let 𝑓(𝑥, 𝑦, 𝑧) be a given scalar surface.

Level surfaces corresponding to this 𝑓(𝑥, 𝑦, 𝑧) are given by: 𝑓 𝑥, 𝑦, 𝑧 = 𝑐 (1)

Infact, this equation (1) gives family of surfaces that never intersect with each other

For different values of constant c, we get different members of this family of level 

surfaces.



Find the Level surfaces of the scalar fields defined by following functions: 

Problem 1. 𝒇 = 𝒙 + 𝒚 + 𝒛

Solution. The given scalar function is:

𝑓 = 𝑥 + 𝑦 + 𝑧 (1)

Level surfaces are given by: 𝑓 = 𝑐

⇒ 𝑥 + 𝑦 + 𝑧 = 𝑐

Which is a family of Parallel planes.



Find the Level surfaces of the scalar fields defined by following functions: 

Problem 2. 𝒇 = 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐

Solution. The given scalar function is:

𝑓 = 𝑥2 + 𝑦2 + 𝑧2 (1)

Level surfaces are given by: 𝑓 = 𝑡

⇒ 𝑥2 + 𝑦2 + 𝑧2 = 𝑡

Which is a family of concentric Spheres.





Find the Level surfaces of the scalar fields defined by following functions: 

Problem 3. 𝒇 = 𝒙𝟐 + 𝒚𝟐 − 𝒛

Solution. The given scalar function is:

𝑓 = 𝑥2 + 𝑦2 − 𝑧 (1)

Level surfaces are given by: 𝑓 = 𝑐

⇒ 𝑥2 + 𝑦2 − 𝑧 = 𝑐

Which is a family of Paraboloids.



Find the Level surfaces of the scalar fields defined by following functions: 

Problem 4. 𝒇 = 𝒙𝟐 + 𝟗𝒚𝟐 + 𝟏𝟔𝒛𝟐

Solution. The given scalar function is:

𝑓 = 𝑥2 + 9𝑦2 + 16𝑧2 (1)

Level surfaces are given by: 𝑓 = 𝑐

⇒ 𝑥2 + 9𝑦2 + 16𝑧2 = 𝑐

Which is a family of Ellipsoids.



Find the Level surfaces of the scalar fields defined by following functions: 

Problem 5. 𝒇 = 𝒛 − 𝒙𝟐 + 𝒚𝟐

Solution. The given scalar function is:

𝑓 = 𝑧 − 𝑥2 + 𝑦2 (1)

Level surfaces are given by: 𝑓 = 𝑐

⇒ 𝑧 − 𝑥2 + 𝑦2 = 𝑐

Which is a family of Cones.











Parametric Equation of a Straight line passing through a point and having a 

given direction:

Let given point is 𝑃0 𝑥0, 𝑦0, 𝑧0 and the given direction be Ԧ𝑣 = 𝑣1 Ƹ𝑖 + 𝑣2 Ƹ𝑗+ 𝑣3 ෠𝑘

Then Parametric Equation of a Straight line passing through point 𝑃0 and having  

given direction Ԧ𝑣 is given by:

𝑟(𝑡) = 𝑃0 + 𝑡 Ԧ𝑣 where 𝑡 is parameter

⇒ 𝑟(𝑡) = (𝑥0 Ƹ𝑖 + 𝑦0 Ƹ𝑗+ 𝑧0 ෠𝑘) + 𝑡(𝑣1 Ƹ𝑖 + 𝑣2 Ƹ𝑗+ 𝑣3 ෠𝑘)

⇒ 𝑟(𝑡) = (𝑥0+𝑡𝑣1) Ƹ𝑖 + (𝑦0+𝑡𝑣2) Ƹ𝑗 + (𝑧0+𝑡𝑣3)෠𝑘



Find the Parametric Equation of a Straight line passing through point 𝑷𝟎 and 

having direction 𝒃 :

Problem 1. 𝑃0 1,2,3 , 𝑏 = Ƹ𝑖 + 2 Ƹ𝑗+ 3෠𝑘

Solution. Parametric Equation of a Straight line passing through point 𝑃0 and 

having  given direction 𝑏 is given by:

𝑟(𝑡) = 𝑃0 + 𝑡 𝑏 where 𝑡 is parameter

⇒ 𝑟(𝑡) = ( Ƹ𝑖 + 2 Ƹ𝑗+ 3෠𝑘) + 𝑡( Ƹ𝑖 + 2 Ƹ𝑗+ 2෠𝑘)

⇒ 𝑟(𝑡) = (1 + 𝑡) Ƹ𝑖 + (2 + 2𝑡) Ƹ𝑗 + (3 + 2𝑡)෠𝑘 Answer.



Find the Parametric Equation of a Straight line passing through point 𝑷𝟎 and 

having direction 𝒃 :

Problem 2. 𝑃0 1,−1,1 , 𝑏 = Ƹ𝑖 − Ƹ𝑗

Solution. Parametric Equation of a Straight line passing through point 𝑃0 and 

having  given direction 𝑏 is given by:

𝑟(𝑡) = 𝑃0 + 𝑡 𝑏 where 𝑡 is parameter

⇒ 𝑟(𝑡) = ( Ƹ𝑖 − Ƹ𝑗+ ෠𝑘) + 𝑡( Ƹ𝑖 − Ƹ𝑗)

⇒ 𝑟(𝑡) = 1 + 𝑡 Ƹ𝑖 − (1 + 𝑡) Ƹ𝑗 + ෠𝑘 Answer.



Find the parametric representation of the following straight lines/curves. Use 

the indicated representation wherever given:

Problem 1. 𝑥 = 𝑦, 𝑦 = 𝑧

Solution. Let 𝑧 = 𝑡 where t is a parameter 

⇒ 𝑦 = 𝑡 ∵ 𝑦 = 𝑧

also 𝑥 = 𝑡 ∵ 𝑥 = 𝑦

So, Parametric representation is given by:

𝑟(𝑡) = 𝑥(𝑡) Ƹ𝑖 + 𝑦(𝑡) Ƹ𝑗+ 𝑧(𝑡)෠𝑘

⇒ 𝑟(𝑡) = 𝑡 Ƹ𝑖 + 𝑡 Ƹ𝑗+ 𝑡 ෠𝑘 Answer.



Problem 2. 𝑥 + 𝑦 + 𝑧 = 3, 𝑦 − 𝑧 = 0.

Solution. Let 𝑧 = 𝑡 where t is a parameter 

⇒ 𝑦 = 𝑡 ∵ 𝑦 = 𝑧

also 𝑥 + 𝑦 + 𝑧 = 3

⇒ 𝑥 = 3 − 𝑦 − 𝑧 = 3 − 𝑡 − 𝑡

⇒ 𝑥 = 3 − 2𝑡

So, Parametric representation is given by:

𝑟(𝑡) = 𝑥(𝑡) Ƹ𝑖 + 𝑦(𝑡) Ƹ𝑗+ 𝑧(𝑡)෠𝑘

⇒ 𝑟(𝑡) = (3 − 2𝑡) Ƹ𝑖 + 𝑡 Ƹ𝑗+ 𝑡 ෠𝑘 Answer.



Problem 3. 𝑦2 + 𝑧2 = 9, 𝑥 = 9 − 𝑦2, 𝑦 = 3 sin 𝑡 .

Solution. Since 𝑦 = 3 sin 𝑡

⇒ 𝑥 = 9 − 3 sin 𝑡 2

⇒ 𝑥 = 9 1 − 𝑠𝑖𝑛2𝑡 = 9𝑐𝑜𝑠2𝑡

also  𝑧2 = 9 − 𝑦2 = 9 − 3 sin 𝑡 2 = 9 1 − 𝑠𝑖𝑛2𝑡 = 9𝑐𝑜𝑠2𝑡

⇒ 𝑧 = ±3 cos 𝑡

So, Parametric representation is given by:

𝑟(𝑡) = 𝑥(𝑡) Ƹ𝑖 + 𝑦(𝑡) Ƹ𝑗+ 𝑧(𝑡)෠𝑘

⇒ 𝑟(𝑡) = 9𝑐𝑜𝑠2𝑡 Ƹ𝑖 + 3 sin 𝑡 Ƹ𝑗 ± (3 cos 𝑡)෠𝑘 Answer.



Problem 4. 𝑦2 = 𝑥2 + 𝑧2, 𝑦 = 2, 𝑥 = 2 sin 𝑡 .

Solution. Since 𝑥 = 2 sin 𝑡 and 𝑦 = 2

𝑧2 = 𝑦2 − 𝑥2

⇒ 𝑧2 = 4 − 2 sin 𝑡 2 = 4 1 − 𝑠𝑖𝑛2𝑡 = 4𝑐𝑜𝑠2𝑡

⇒ 𝑧 = ±2 cos 𝑡

So, Parametric representation is given by:

𝑟(𝑡) = 𝑥(𝑡) Ƹ𝑖 + 𝑦(𝑡) Ƹ𝑗+ 𝑧(𝑡)෠𝑘

⇒ 𝑟(𝑡) = 2 sin 𝑡 Ƹ𝑖 + 2 Ƹ𝑗 ± (2 cos 𝑡)෠𝑘 Answer.
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